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Recap

1 Gradient of a scalar valued function f(x): x→
(
∂f
∂x1

, . . . , ∂f
∂xD

)

2 Gradient of a vector valued function f(x) is called Jacobian:
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Gradient descent on MLP

1 Loss is L(W,b) =
∑
n l(f(xn;W,b), yn)

2 For applying Gradient descent, we need gradient of individual sample
loss with respect to all the model parameters

ln = l(f(xn;W,b), yn)

∂ln
∂W

(l)
i,j

and ∂ln
∂b(l)
i
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Forward pass operation

x(0) = x
W (1),b(1)
−−−−−−−→ s(1) σ−→ x(1) W (2),b(2)

−−−−−−−→ s(2) . . . x(L−1) W (L),b(L)
−−−−−−−→ s(L) σ−→ x(L) = f(x;W, b)

Formally, x(0) = x, f(x;W,b) = x(L)

∀l = 1, . . . , L
{
s(l) = W (l)x(l−1) + b(l)

x(l) = σ(s(l))
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Chain rule of differential calculus

1 Core concept of backpropagation

2

(g ◦ f)′(x) = g′(f(x)) · f ′(x)
3

∂

∂x
g(f(x)) = ∂g(a)

∂a

∣∣∣∣
a=f(x)

· ∂f(x)
∂x

4

JfN ◦fN−1◦...f1 (x) = JfN
(fN−1(. . . (x))) . . . Jf3 (f2(f1(x))) · Jf2 (f1(x)) · Jf1 (x)

Jf(x) is Jacobian of f computed at x.
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Consider a specific Layer
1 x(l−1) W (l),b(l)

−−−−−→ s(l) σ−→ x(l)

2 x
(l)
i = σ(s(l)

i )
3 Since s(l) influences loss L through only x(l),

∂`

∂s
(l)
i

= ∂`

∂x
(l)
i

∂x
(l)
i

∂s
(l)
i

= ∂`

∂x
(l)
i

σ′(s(l)
i )

4

s
(l)
i = ΣjW

(l)
i,j x

(l−1)
j + b

(l)
i

5 Since x(l−1) influences the loss L only through s(l),

∂`

∂x
(l−1)
j

= Σi
∂`

∂s
(l)
i

∂s
(l)
i

∂x
(l−1)
j

= Σi
∂`

∂s
(l)
i

W
(l)
i,j
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We need gradients wrt parameters W and b

1 x(l−1) W (l),b(l)
−−−−−→ s(l) σ−→ x(l)

2 W
(l)
i,j and b(l) influence the loss through s(l) via

s
(l)
i = ΣjW

(l)
i,j x

(l−1)
j + b

(l)
i ,

3

∂`

∂W
(l)
i,j

= ∂`

∂s
(l)
i

∂s
(l)
i

∂W
(l)
i,j

= ∂`

∂s
(l)
i

x
(l−1)
j (1)

4

∂`

∂b
(l)
i

= ∂`

∂s
(l)
i

∂s
(l)
i

∂b
(l)
i

= ∂`

∂s
(l)
i

(2)
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Summary of Backprop

1 From the definition of loss, obtain ∂l

∂x
(l)
i

2 Recursively compute the loss derivatives wrt the activations

∂`

∂s
(l)
i

= ∂`

∂x
(l)
i

σ′(s(l)
i ) and ∂`

∂x
(l−1)
j

= Σi
∂`

∂s
(l)
i

w
(l)
i,j

3 Then wrt the parameters
∂`

∂w
(l)
i,j

= ∂`

∂s
(l)
i

x
(l−1)
j and ∂`

∂b
(l)
i

= ∂`

∂s
(l)
i
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Jocobian in Tensorial form

1 ψ : RN×M → R then
[[
∂ψ
∂x

]]
=


∂ψ
∂w1,1

. . . ∂ψ
∂w1,M

...
. . .

...
∂ψ

∂wN,1
. . . ∂ψ

∂wN,M



2 ψ : RN → RM then
[
∂ψ
∂x

]
=


∂ψ1
∂x1

. . . ∂ψ1
∂xN

...
. . .

...
∂ψM
∂x1

. . . ∂ψM
∂xN
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Forward Pass
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Goal of Backward Pass
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Begin from succeeding layer
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Begin from succeeding layer
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Begin from succeeding layer
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Begin from succeeding layer
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Update the parameters

1 W (l) = W (l) − η
[[

∂`
∂w(l)

]]
and b(l) = b(l) − η

[
∂`
∂b(l)

]
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Observations

1 BP is basically simple: applying chain rule iteratively

2 It can be expressed in tensorial form (similar to the forward pass)
3 Heavy computations are with the linear operations
4 Nonlinearities go into simple element wise operations
5 In an untreated situation, BP Needs all the intermediate layer results

to be in memory
6 Takes twice the computations of forward pass
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